The boundary integral equation with respect to the vortex sheet intensity, which arises in meshless Lagrangian vortex methods, is considered. Two approaches to airfoil surface line discretization are considered for numerical solution of the integral equation: with rectilinear and curvilinear panels. For both approaches, numerical schemes with piecewise-constant and piecewise-linear representation of the numerical solution are developed. It is shown that the numerical scheme with curvilinear panels and piecewise-linear solution approximation permits to provide the second order of accuracy not only for the solution of the boundary integral equation, but also for the velocity field reconstruction in the flow domain in neighborhood of the airfoil surface. Other schemes (with piecewise-constant numerical solution or with rectilinear panels) provide only the first order of accuracy for velocity field reconstruction.
Introduction
In vortex methods [1, 2, 3, 4, 5] vorticity it considered to be the primary variable. In the algorithm of vortex methods it is possible to distinguish 3 main stages: generation of a new vorticity at the boundary of the flow domain (in the case of external flows -at the boundary of the airfoil), the transfer of vorticity from the boundary to the flow region and its evolution in the flow domain.
The vorticity which is generated at the airfoil surface line, is simulated at the every time step with a thin vortex sheet on the surface line. Its intensity γ can be found from the noslip boundary condition at the airfoil surface line. The accuracy of the vortex sheet intensity computation determines not only the accuracy of the vorticity generation simulation, but also directly affects the accuracy of flow simulation in neighborhood of the airfoil, since the flow velocity (which should be reconstructed for simulation of the vorticity evolution) depends directly on the intensity of the vortex sheet according to the Biot -Savart law.
So, in order to improve the accuracy of flow simulation around airfoils by using vortex methods, it is required to implement rather accurate numerical method for boundary integral equation solution on its surface line with respect to unknown vortex sheet intensity.
Well-known numerical schemes for 2D vortex methods permit to consider unknown vortex sheet intensity distribution to be singular (given by set of Dirac delta-functions) [1] , piecewise-constant [6] and piecewise-linear [6, 7] along the panels on the surface line. These panels are in turn the result of the airfoil surface line discretization and normally are considered as rectilinear line segments.
In the framework of rectilinear discretization it is impossible in general case to construct numerical scheme for boundary integral equation solution which has order of accuracy higher than 2, even by considering piecewise-quadratic approximate solution. Moreover, if the neighboring panels in surface line discretization have significantly different lengths, the numerical solution of the piecewise-linear scheme of the 2-nd order of accuracy becomes qualitatively incorrect: it is nonmonotonic and has jump-type discontinuities between the panels. In fact, these problems seem to be more important than high-order schemes development. Note also, that rectilinear discretization doesn't allow to simulate the velocity field near the airfoil with higher than the 1-st order of accuracy.
So, the aim of this paper is to develop numerical scheme which makes it possible to take into account explicitly the airfoil surface line curvature and to reconstruct the vortex sheet intensity and velocity field in neighborhood of the airfoil with the second order of accuracy.
The problem statement
The problem of vortex sheet intensity γ(r) reconstruction on the smooth airfoil surface line K is equivalent to the solution of the following boundary integral equation of the second kind [6, 7, 8] 
where the kernel Q τ (r, ξ) has the following form
n is unit outer normal vector to airfoil surface line, and f τ is known function (for simplicity it is assumed that the airfoil K is stationary, or moving with given law of motion). In general case of solving of a coupled fluid-structure interaction (FSI) problem, the right-hand side f τ (r) also depends on unknown solution. The equation (1) has infinite set of solutions, in order to select the unique one, the additional condition should be added. Normally in vortex methods this condition is isoperimetric-type condition
where Γ is given value of total circulation around the airfoil. Note, that the kernel Q τ (r, ξ) of the equation (1) 
where κ is the curvature of the curve K at the corresponding point.
If there is angle point of airfoil surface line K, then the kernel Q τ becomes unbounded and the solution has weak singularity in proximity to this point [9] , which in turn affects the velocity field, which can be reconstructed in the flow domain. For some particular cases the asymptotic behavior of the solution is described in [1] .
So, if it is required to provide high accuracy of numerical simulation, when discretizing the surface line of some smooth airfoil it is important to avoid the appearance of the "dummy" angle point between the panels, which is impossible when airfoil is approximated by rectilinear panels ( fig. 1 ). In the case of rectilinear discretization of the surface line, the exact solution for the polygonal airfoil has singularities at every angle point and the more carefully it is represented by using some numerical method, the more significant difference it would have with the exact solution for the initial smooth airfoil. However, when the numerical solution is assumed to be piecewiseconstant along the panels, or even piecewise-linear, but the neighboring panels have nearly the same lengths, airfoil approximation with the polygon is acceptable. For significantly different lengths of neighboring panels the result of numerical solution can be far from exact solution, not only quantitatively, but even qualitatively.
The flow velocity can be reconstructed using the Biot -Savart law through known vorticity distribution Ω(r) in the flow domain S, the intensity of the vortex sheet γ(r) on the airfoil surface line K, and the velocity of airfoil surface line. In the particular case of the immovable airfoil with zero velocity of its surface line, it takes the following form:
where V ∞ is the incident flow velocity. In more general case, when the airfoil surface line is movable, it is necessary to introduce attached vortex and source sheets at the airfoil surface line, and take their influence into account according to the generalized Helmholtz decomposition [8] .
The numerical method
In order to solve numerically the boundary integral equation, the basic ideas of the numerical scheme developed in [7] are used. It means that the approximate solution of the equation (1) is assumed to be discontinuous piecewise-constant or piecewise-linear along the airfoil surface line.
Usually, the airfoil surface line is discretized by a polygon consisting of straight panels. More accurate (and more complicated, however) schemes can be developed in case of considering the panels to be curvilinear. Here, without going into details, we will only briefly describe the main ideas of the procedure of such schemes development.
Numerical scheme with rectilinear panels
The airfoil surface line is discretized into N straight (rectilinear) panels; let us denote them by K i . We introduce set of basis functions φ q i (r), i = 1, . . . , N , q = 0, 1, such that
where c i is the radius-vector of the i-th panel center; L i is the length of the i-th panel. Put simply, the basis function φ 
The coefficients γ 0 i and γ 1 i can be determined in such a way that approximate solution (5) satisfies in some sense the boundary integral equation (1) . As in [6, 7] , we implement Galerkin-type approach and require the residual of the equation (1) after substituting there (5) to be orthogonal to all the basis functions φ q i (s), i = 1, . . . , N , q = 0, 1. Note, that it is shown in [1] that the exact solution, even being unbounded in proximity to angle points, refers to the L 2 class, so the residual orthogonalization procedure is correct.
The residual of the equation (1) on the i-th panel has the following form:
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Its orthogonality condition to the basis functions leads to a system of linear equations:
which in turn can be written down in the following form:
The equation (3) is approximated straightforwardly:
The system, which consists of linear equations (6) and (7) is overdetermined, we regularize it similarly to [1] by adding the so-called regularization variable R to those of equations (6), where p = 0. In block-matrix form regularized linear system can be written down as
Here 
In the case when the approximate solution has the piecewise-constant form
the coefficients γ 0 i can be found from the condition of orthogonality of the residual to the set of constant basis functions, which leads now to the system of linear algebraic equations
where the coefficients, again, have the form (8) .
The coefficients (8) can be calculated analytically; all the formulae for their calculation are given in [10] .
Numerical scheme with curvilinear panels
Let us suppose that the airfoil surface line is parameterized with the natural parameter s -the arc length of the curve. Than, the equation (1) takes the form
Here, L is the length of the airfoil surface line. The airfoil surface line is split into N curvilinear panels. Let the beginnings and ends of the panels correspond to the values of parameter s i , i = 0, . . . , N , than the i-th panel corresponds to parameter range s ∈ [s i−1 , s i ].
As earlier, we introduce set of piecewise-constant and piecewise-linear basis functions φ q i (s), i = 1, . . . , N , q = 0, 1, such that
Here, δ i = s i − s i−1 is the length of the i-th curvilinear panel, the parameter value s * i = s i + s i−1 2 corresponds to the center of the i-th panel.
The approximate piecewise-linear solution on the airfoil surface line has the following form:
The orthogonality condition of the residual of the equation to the basis functions leads to the system  
Here, all the notations are similar to the ones in the previous subsection; coefficients have the following form:
The main difficulty is the coefficients computation, because it is necessary to integrate the corresponding functions along the curvilinear panels.
It should be noted also, that if the basis functions φ As earlier, a piecewise-constant scheme can be constructed, similarly to (10).
Approximate formulae for integration over curvilinear panels
The length of the i-th panel δ i is considered to be small, i. e. we write down the approximate formulae for the matrix coefficients as series expansions with respect to δ i and take into account only the terms, that are proportional to δ For the diagonal coefficients of the D pq ii matrices we obtain the following exact expressions:
Numerical computation of the coefficients, that form A pq ij matrices, is non-trivial problem, because for the diagonal coefficients (i = j) and the coefficients, which refer to the neighboring panels (|i − j| = 1), the denominator of the integrand (2) is equal to zero at |r − ξ| → 0, and the corresponding integrals become improper.
However, it is possible to obtain approximate analytical formulae for these coefficients: for the diagonal terms A pq ii they are the following:
Here, κ i is the curvature of a planar curve at the center of the i-th panel; the prime means the derivative with respect to the arc length. For the coefficients, which calculation requires integration over the neighboring panels (when |i − j| = 1), which form smooth part of the airfoil surface line, the following formulae are derived:
Here δ i and δ j are the lengths of the i-th and j-th panels; κ ij means the curvature of the surface line at the common points of the panels; the prime as earlier means the derivative with respect to the arc length; the signs "+" and "−" in the expression for A 00 ij corresponds to the cases j = i + 1 and j = i − 1, respectively.
For non-neighboring panels (|i − j| > 1) coefficients A pq ij can be calculated by numerical integration, for example, by using Gaussian formula (for far enough located panels two gaussian points are quite enough). Also, for these coefficients and the coefficients of the right-hand side, the approximate analytical formulae are obtained, the algorithm of their calculation is described in [11] .
Numerical experiments
In order to compare the described schemes with rectilinear and curvilinear airfoil surface line discretization and piecewise-constant and piecewise-linear vortex sheet intensity representation, we consider the model problem with known exact solution γ ex (r), r ∈ K, of flow simulation around elliptical airfoil [12] . Parameters of the problem are the following: incident flow velocity is |V ∞ | = 1, the angle of incidence β = π/6, ellipse semiaxes a = 1.0 and b = 0.5; there is no vorticity in the flow domain. The airfoil surface line in numerical experiments was discretized into N panels with approximately the same lengths equal to δ.
The error of vortex sheet intensity computation is estimated using the L 1 norm:
The error of the velocity field reconstruction in neighborhood of the airfoil can be estimated in the similar way:
Here, the integral is calculated over the curve K h surrounding the boundary of the airfoil and spaced from the airfoil surface line by a value 1 8 δ; V ex (r) is the exact velocity field around the elliptical airfoil; V (r) is the velocity field reconstructed according to the Biot -Savart law through the numerical solution γ(r).
The errors of vortex sheet intensity computation and velocity field computation using the scheme with rectilinear panels and piecewise-constant and piecewise-linear solutions are presented in the Table 1 for different number of panels. Also a'posteriori estimates for the order of accuracy are given in the Table 1 as a logarithm of the errors ratio
Prague, February 20-22, 2019 _______________________________________________________________________ 136 In the Table 1 , the indices "c" and "l" correspond to the piecewise-constant and piecewise-linear numerical solutions, respectively. The results from Table 1 show that numerical schemes with rectilinear panels permit to reconstruct the vortex sheet intensity with the first and the second order of accuracy for piecewiseconstant and piecewise-linear representation of the numerical solution, respectively. It is also seen that the schemes with rectilinear panels provides only the first order of accuracy for flow velocity reconstruction at both piecewise-constant and piecewise-linear representation of the numerical solution.
The error values for the schemes with curvilinear panels are shown in Table 2 . It can be seen that in case of curvilinear panels, the scheme with piecewise-constant representation of numerical solution provides the first order of accuracy both for vortex sheet intensity and flow velocity reconstruction, while numerical scheme with piecewise-linear approximation makes it possible to achieve the second order of accuracy for both variables.
Conclusions
Numerical schemes for solving of the boundary integral equation with respect to the intensity of the vortex sheet intensity in two-dimensional vortex methods are considered. Two approaches to airfoil surface line discretization are considered: its replacement by rectilinear panels and curvilinear discretization. For both approaches numerical schemes with piecewise-constant and piecewiselinear representation of the approximate solution are developed. It is shown that the piecewiselinear scheme with rectilinear panels permits to obtain the second order of accuracy for the intensity of the vortex sheet, and only the first order of accuracy for velocity field reconstruction near the airfoil. The second order or accuracy for both values can be achieved by using a piecewise-linear scheme with curvilinear discretization.
